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Abstract. Given an effectively parameterized family / : A" — >■ 
S of canonically polarized manifolds, the Kahler-Einstein metrics 
on the fibers induce a hermitian metric on the relative canonical 
bundle JCx/s- We use a global elliptic equation to show that this 
metric is strictly positive everywhere and give estimates. 

The direct images i?"~P/,f2^^^(/C^™g), m > 0, carry induced 
natural hermitian metrics. We prove an explicit formula for the 
curvature tensor of these direct images. The formula for p = n, 
implies that is Nakano-positive with estimates (for 

effectively parameterized families). We apply it to the morphisms 
S^Ts — R^f*APTx/s induced by the Kodaira-Spencer map and 
obtain a differential geometric proof for hyperbolicity properties 
of A^can- Similar results hold for families of polarized Ricci-flat 
manifolds. These will appear elsewhercQ 



1. Introduction 

For any holomorphic family f : X S of canonically polarized, com- 
plex manifolds, the unique Kahler-Einstein metrics on the fibers define 
an intrinsic metric on the relative canonical bundle ICx/s- The con- 
struction is functorial in the sense of compatibility with base changes. 
By definition, its curvature form has at least as many positive eigen- 
values as the dimension of the fibers indicates. It turned |SCH4j out 
that it is strictly positive, provided the induced deformation is not in- 
finitesimally trivial at the corresponding point of the base. 

Actually the first variation of the metric tensor in a family of compact 
Kahler-Einstein manifolds contains the information about the induced 
deformation, more precisely, it contains the harmonic representatives 
As = A'^-.dadz'^ of the Kodaira-Spencer classes p{d/ds). The positivity 

sp 

of the hermitian metric will be measured in terms of a certain global 
function. Essential is an elliptic equation on the fibers, which relates 
this function to the pointwise norm of the harmonic Kodaira-Spencer 
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forms. The "strict" positivity of the corresponding (fiberwise) opera- 
tor (□ + id)~^, where □ is the complex Laplacian, can be seen in a 
direct way (cf. |SCH4] ). For famihes of compact Riemann surfaces the 
elhptic equation was previously derived in terms of automorphic forms 
by Wolpert |WOj . Later in higher dimensions a similar equation arose 
in the work of Siu |SIU1] for families of canonical polarized manifolds. 

In this article, we will reduce estimates for the positivity of the cur- 
vature of /C;i:'/5 on A' to estimates of the resolvent kernel of the above 
integral operator, whose its positivity was already shown by Yosida in 
|YOj . Finally estimates for the resolvent kernel follow from the esti- 
mates for the heat kernel, which were achieved by Cheeger and Yau in 

The positivity of the relative canonical bundle is important, when es- 
timating the curvature of the direct image sheaves i?"~^/*r2^y^(/C^^). 
These are equipped with a natural hermitian metric that is induced by 
the L^-inner product of harmonic tensors on the fibers of /. We will 
give an explicit formula for the curvature tensor. 

A main motivation of our approach is the study of the curvature 
of the classical Weil-Petersson metric, in particular the computation 
of the curvature tensor by Tromba |TRj and Wolpert [WUj . It im- 
mediately implies the hyperbolicity of the classical Teichmiiller space. 
The curvature tensor of the generalized Weil-Petersson metric for fam- 
ilies of metrics with constant negative Ricci curvature was explicitly 
computed by Siu in |SIU1] : in |SCH2] a formula in terms of elliptic 
operators and harmonic Kodaira- Spencer tensors was derived. How- 
ever, the curvature of the generalized Weil-Petersson metric seems not 
to satisfy any negativity condition. This difficulty was overcome in the 
work of Viehweg and Zuo in |V-Zlj . Their approach to hyperbolicity 
makes use of the period map in the sense of Griffiths. 

On the other hand our results are motivated by Berndtsson's re- 
sult on the Nakano-positivity for certain direct images. In |SCH4j we 
showed that the positivity of /*/C^^^ together with the curvature of 
the generalized Weil-Petersson metric is sufficient to imply a hyperbol- 
icity result for moduli of canonically polarized complex manifolds in 
dimension two. 

For ample Kx the cohomology groups H"'~p{X,Q^{K^'^)) are crit- 
ical with respect to the Kodaira-Nakano vanishing theorem. The un- 
derstanding of this situation is the other main motivation. We will 
consider the relative case. Let A"-^{z^s)dadz^ be a harmonic Kodai- 
ra-Spencer form. Then for s E S the cup product together with the 
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contraction defines 

We will apply the above product to harmonic (0, n — p)-forms. In 
general the result is not harmonic. We denote the pointwise inner 
product by a dot. 

Main Theorem I. The curvature tensor for /^""^/^.^^^^(/C^^) is 
given by 

R,l\s) = m! {n + l)-\A,-A^)-[ij^-i')gdV 

JXs 

+m [ (□ + my^ {Ai U tp'') ■ {Aj U ^~^)gdV 

+m [ (□ - my^ {Ai U ■ {Aj U '^'')gdV. 
Jxs 

The potentially negative third term is not present for p = n, i.e. for 
f*^'x%^^^- From the main theorem we get immediately a fact which 
is contained in Berndtsson's theorem jB]: 

The locally free sheaf f^K^J^^^"* is Nakano-positive. 

(Very recently Berndtsson considered the curvature of f*{KLx/s®^^)i 

m-) 

We prove the estimate 

where the coefficient Pn{d{Xs)) > is an explicit function depending 
on the dimension and the diameter of the fibers. 

By Serre duality the theorem yields the following version, which 
contains for p = 1 the curvature formula for the generalized Weil-Pe- 
tersson metric. Again a tangent vector of the base is identified with a 
harmonic Kodaira-Spencer form Aj, and Vk stands for a section of the 
relevant sheaf: 

Main Theorem II. The curvature for RFf^A^Tx/s equals 
Ri-,kM = -/(□ + 1)-' {A, ■ A^) ■ {u, ■ uj)gdV 

JXs 

- / (□ + 1)"' (A, A ui) ■ (Aj A Vk)9dV 

JXs 

- / (□ - 1)"' (Ai A z/fc) ■ (Aj A uj)gdV. 

JXs 
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In order to prove a result about hyperbolicity of moduli spaces we 
use Demailly's approach. An upper semi-continuous Finsler metric of 
negative holomorphic curvature on a relatively compact subspace of the 
moduli stack of canonically polarized varieties can be constructed so 
that any such space is hyperbolic with respect to the orbifold structure. 

We get immediately the following fact related to Shafarevich's hy- 
perbolicity conjecture for higher dimensions solved by Migliorini jM] , 
Kovacs [KVl l IKV21 IKV3] . Bedulev-Viehweg [EY], and Viehweg-Zuo 

Application. Let X C he a non-isotrivial holomorphic family of 
canonically polarized manifolds over a curve. Then g{C) > 1. 

Acknowledgements. This work was begun during a visit to Harvard 
University. The author would like to thank Professor Yum-Tong Siu 
for his cordial hospitality and many discussions. His thanks also go 
to Bo Berndtsson, Jeff Cheeger, Jean-Pierre Demailly, Gordon Heier, 
Stefan Kebekus, Janos Kollar, Sandor Kovacs, and Thomas Peternell 
for discussions and remarks. 



2. Fiber integration and Lie derivatives 

2.1. Definition of fiber integrals and basic properties. Let de- 
note {'^s}s£S a holomorphic family of compact complex manifolds 
of dimension n > parameterized by a reduced complex space S. By 
definition, it is given by a proper holomorphic submersion f : X ^ S, 
such that the Xs = f~^{s) for s E S. In case of a smooth space S, if rj 
is a differential form of class C°° of degree 2n + r the fiber integral 




is a differential form of degree r on S. It can be defined as follows: Fix 
a point So E S and denote by X = the fiber. Let U C S he an 
open neighborhood of Sq such that there exists a C°° trivialization of 
the family: 

f-^U^^X X U 

u 

Let z = (z^, . . . , z"') and s = {s^, . . . ,s^) denote local (holomorphic) 
coordinates on X and S resp. 

The pull-back ^*t] possesses a summand t]', which is of the form 
"^rik^z, s)dVz A da''^ A ... A da'''', where the cr'^ run through the real 
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and complex parts of s\ and where dVz denotes the relative Euclidean 
volume element. Now 

/ r] := [ <l>*r]:= V ( [ r]k{z, s)dv)j da'^ A . . . A da''^ . 
Jx/s Jxxs/s k=(k„...M ^-^^^ ^ 

The definition is independent of the choice of coordinates and differen- 
tiable trivializations. The fiber integral coincides with the push-forward 
of the corresponding current. Hence, if is a differentiable form of type 
(n + r, n + s), then the fiber integral is of type (r, s). 

Singular base spaces are treated as follows: Using deformation the- 
ory, we can assume that S (ZW is a. closed subspace of some open set 
W C C^, and that an almost complex structure is defined on X x S* so 
that X is the integrable locus. Then by definition, a differential form 
of class C°° on X will be given on the whole ambient space X ^ W 
(with a type decomposition defined on X). 

Fiber integration commutes with taking exterior derivatives: 



(1) d 7]= dr], 

Jx/s Jx/s 

and since it preserves the type (or to be seen explicitly in local holo- 
morphic coordinates), the same equation holds true for d and d instead 
of d. 

A Kahler form a;;^' on a singular space, by definition is a form that 
possesses locally a (9(9-potential, which is the restriction of a C°° func- 
tion on a smooth ambient space. It follows from the above facts that 
given a Kahler form ujx on the total space, the fiber integral 

(2) / a;^' 

Jx/s 

is a Kahler form on the base space S, which possesses locally a smooth 
99-potential, even if the base space of the smooth family is singular. 

For the actual computation of exterior derivatives of fiber integrals 
([1]), in particular of functions, given by integrals of (ra, n)-forms on 
the fibers, the above definition seems to be less suitable. Instead the 
problem is reduced to derivatives of the form 



where only the vertical components of 7] contribute to the integral. 
Here and later we will always use the summation convention. 
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Lemma 1. Let 

he differentiahle vector fields, whose projection to S equal Then 

where L^- denotes the Lie derivative. 

Concerning singular base spaces, observe that it is sufficient that the 
above equation is given on the first infinitesimal neighborhood of s in 
S. 

Proof. Because of linearity, one may consider the real and imaginary 
parts of d/ds^ and Wi resp. separately. 

Let d/dt stand for Re{d/ds'^), and let : X — )■ Aft be the one 
parameter family of diffeomorphisms generated by Re{wi). Then 

It is known that the vector fields Re{wi) and Im{wi) need not commute. 

□ 

In our applications, the form rj will typically consist of inner products 
of differential forms with values in hermitian vector bundles, whose 
factors need to be treated separately. This will be achieved by the Lie 
derivatives. In this context, we will have to use covariant derivatives 
with respect to the given hermitian vector bundle on the total space 
and to the Kahler metrics on the fibers. 

2.2. Direct images and differential forms. Let {S, h) be a her- 
mitian, holomorphic vector bundle on X ^ whose direct image W^f^E 
is locally free. Furthermore we assume that for all s G 5 the co- 
homology ® Ox^) vanishes. Then the statement of the 

Grothendieck-Grauert comparison theorem holds for R'^f^.S, in par- 
ticular R'^f^S '^{^) can be identified with H''{Xs,S i^Ox ^Xs)- 

For simplicity, we assume that he base space S is smooth. Locally, 
after replacing S* by a neighborhood of any given point, we can rep- 
resent sections of the g-th direct image sheaf in terms of Dolbeault 
cohomology by 9-closed (0, g)-forms. On the other hand, fiberwise, we 
have harmonic representatives of cohomology classes with respect to 
the Kahler form and hermitian metric on the fibers. The following fact 
will be essential. 
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Lemma 2. Let ip G R^f^Ei^S) he a section. Let ipg G A'^'''{Xs,Ss) be 
the harmonic representatives of the cohomology classes iplXs- 

Then locally with respect to S there exists a d-closed form ip G 
A^''^{X ,S) , which represents ip, and whose restrictions to the fibers 
Xs equal ips ■ 

We omit the simple proof. 

In this way, the relative Serre duality can be treated in terms of such 
differential forms. Let S"^ = Homx{S,Ox)- Then 



is given by the fiber integral of the wedge product of 9-closed differential 
forms in the sense of Lemma [2l By ([1]) (for the operator d), the result 
is a 9-closed 0-form i.e. holomorphic function. 

3. Estimates for resolvent and heat kernel 

Let {X,ux) be a compact Kahler manifold. The Laplace operator 
for differentiable functions is given hj n = dd +d d, where the adjoint 
d is the formal adjoint operator. The Laplacian is self-adjoint with 
non-negative eigenvalues. 

The corresponding resolvent operator {id + D)"^ is defined on the 
space of continuous functions and bounded. 

First, we observe that the resolvent operator is positive: If x ^ 
everywhere on X, then the function given by (□ + id)~^x is non- 
negative. This fact follows immediately from the minimum principle 
applied to the elliptic equation 



So the integral kernel P{z, w) must be non-negative for all z and w. 
For any function 



Jx 

holds. In a similar way we denote by P{t, z, w) the integral kernel for 
the heat operator 

so that the solution of the heat equation with initial function x{^) for 
t = is given by 



RPf^S ^os R'"'f*{S'' ®Ox ^x/s) ^ Os 



□0 + = X- 
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The explicit representation of the above operators in terms of eigen 
functions of the Laplacian yields the following relation. 

Lemma 3. Let P{z, w) be the integral kernel of the resolvent operator 
and denote by P{t, z, w) the heat kernel. Then 



(4) 



/•OO 

P{z,w) = / e'^P{t,z,w)dt. 
Jo 



Proof. Let {xu} be a set of eigenf unctions of the Laplacian with eigen- 
values Xi, so that 

P{z, w) = Y^ xAz)xu{w) 

and 

Pit.z.w) = Y,e-'^''Xu{z)Xu{w). 



Then, since the eigenvalues are non-negative 

e 



(5) P{t,z,w) > Qn{t,r{z,w)) := ——€ t e 



1 + A 

implies (H, (cf. also [CTl (3.13)]). □ 

We now apply the lower estimates for the heat kernel by Cheeger and 
Yau [C-Y] to the resolvent kernel. Assuming constant negative Ricci 
curvature —1, we use the estimates from [STj (4.3) Corollary]. 

1 r^(z,uj) 2n-l j 

(27rt)^ 

Where r = r{z,w) denotes the geodesic distance (and n = dimX). 
Let 

/"OO 

(6) Pnir)= / e-'Qnit,r)dt>0. 

Jo 

Using Lemma [3] and ([5]) we get 

(7) P{z, w) > Pn{r{z, w)) > Pn{d{X)), 

where d{X) denotes the diameter of X. However, limr_s.oo Pni'f') = 0. 

Proposition 1. Let {X,ujx) be a Kdhler-Einstein manifold of constant 
Ricci curvature —1 with volume element gdV and diameter d{X). Let 
X be a non-negative continuous function. Let 

(8) (1 + □)</) = X- 
Then 

(9) 0(^) > Pn{d{X)) ■ [ xgdv 

Jx 



CURVATURE OF R"''' fM^^/siK^xTs) ^^D APPLICATIONS 9 
for all z & X . 

Conversely let for all solutions of ([8]) an estimate (f){z) > P ■ j-^ X9dV 
hold, for some number P. Then P < inf P(z, w) follows immediately. 

We mention that symbolic integration of (O with yields an explicit estimate. 

71-1 

1 {2n + 3') 2 1 

Pnir) > -^^ BesselK (n - l,V2n + 3r) 

~ (27r)" 2"-2 r"-l V ' v ; 



4. POSITIVITY OF Kx/s 

Let X be a canonically polarized manifold of dimension n, equipped 
with a Kahler-Einstein metric ux- In terms of local holomorphic coor- 
dinates [z^, . . . , z") we write 

Ux = V—^9a^{z) dz°' A dz^ 
so that the Kahler-Einstein equation reads 
(10) Ux = -Ric(c<;x), i-e. ux = \/^dd\ogg{z), 

where g := det g^-j^. We consider g as a hermitian metric on the anti- 
canonical bundle K^^. 

For any holomorphic family of compact, canonically polarized man- 
ifolds / : A" — )■ of dimension n with fibers for s G S" the Kah- 
ler-Einstein forms cj^f^ depend differentiably on the parameter s. The 
resulting relative Kahler form will be denoted by 

(^x/s = "/^g^^-^iz, s) dz"" A dz^. 

The corresponding hermitian metric on the relative anti-canonical bun- 
dle is given hy g = detg^-^^z, s). We consider the real (1, l)-form 

Ux = y/^dd log g{z,s) 

on the total space X. We will discuss the question, whether u^ is a 
Kahler form on the total space. 

The Kahler-Einstein equation fllUp implies that 

for all s E S. In particular ux, restricted to any fiber, is positive 
definite. Our result is the following statement (cf. Main Theorem). 

Theorem 1. Let X ^ S he a holomorphic family of canonically polar- 
ized, compact, complex manifolds. Then the hermitian metric on ICx/s 
induced by the Kahler-Einstein metrics on the fibers is semi-positive 
and strictly positive on all fibers. It is strictly positive in horizontal 
directions, for which the family is not infinitesimally trivial. 
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Both the statement of the Theorem and the methods are vahd for 
smooth, proper famihes of singular (even non-reduced) complex spaces 
(for the necessary theory cf. |F-S] ) . 

It is sufficient to prove the theorem for base spaces of dimension 
one assuming S C C (In order to treat singular base spaces, the 
claim can be reduced to the case where the base is a double point 
(0, C[s]/(s^)). The arguments below will still be meaningful and can 
be applied literally.) 

We denote the Kodair a- Spencer map for the family / : A" — t- 5 at a 
given point Sq E S hj 



where X = Xg^^. The family is called effectively parameterized at Sq, if 
is injective. The Kodaira- Spencer map is induced as edge homo- 
morphism by the short exact sequence 



If t> G TsqS is a tangent vector, say "^ = ^1^0 and ^ + is any lift 

of class to X along X, then 



is a 9-closed form on X, which represents psQ^d/ds). Observe that 6" 
cannot be a tensor on X, unless the family is infinitesimally trivial. 

We will use the semi-colon notation as well as raising and lowering 
of indices for covariant derivatives with respect to the Kdhler-Einstein 
metrics on the fibers. The s-direction will be indicated by the index s. 
In this sense the coefficients of ux will be denoted by Qss, Qas, Qa'p ^tc. 

Next, we define canonical lifts of tangent vectors of S as different iable 
vector fields on X along the fibers of / in the sense of Siu [SlUlj . By 
definition these satisfy the property that the induced representative of 
the Kodaira-Spencer class is harmonic. 

Since the form ux is positive, when restricted to fibers, horizontal 
lifts of tangent vectors with respect to the pointwise sesquilinear form 
{—,—)ujx a-rs well-defined (cf. also |SCH2j ). 

Lemma 4. The horizontal lift ofd/ds equals 

V = ds + a'^da, 



Proposition 2. The horizontal lift induces the harmonic representa- 
tive of {d/ ds) . 



Ps,:%,^H\X,Tx) 



^ Tx/s -^Tx^ f*rs ^ 0. 




where 
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Proof. The Kodaira- Spencer form of the tangent vector d/dggis given 
by dv\Xs = of^.-j^dadz^ . We consider the tensor 

on X. Then 

= (^{d log g/ds).-s + gs^W-^ = 0. 

□ 

It follows immediately from the proposition that the harmonic Ko- 
daira-Spencer forms induce symmetric tensors. This fact reflects the 
close relationship between the Kodaira-Spencer tensors and the Kah- 
ler-Einstein metrics. 

Corollary 1. Let A^-^s = g^-^A'^-^. Then 

Next, we introduce a global function (p{z,s), which is by definition 
the pointwise inner product of the canonical lift v of d/ds at s G S 
with itself with respect to ux- 

Definition 1. 

(12) ip{z, s) := {ds + a'^da, ds + a^sd(3)ujx 

Since ux is not known to be positive definite in all directions, (p > 
is not known at this point. 

Lemma 5. 

(13) ^ = 9ss - gasgs-^g^"" 

Proof. The proof follows from Lemma H] and 

□ 

Denote by w^'*'^ the {n + l)-fold exterior product, divided by (n+ 1)! 
and by dV the Euclidean volume element in fiber direction. Then the 
global real function (p satisfies the following property: 

Lemma 6. 

wj"^^ = Lp ■ g ■ dVy/^ds A ds. 
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Proof. Compute the following (n + 1) x (n + l)-determinant 

det ( 

9as Qaji 



where a, /3 = 1, . . . , n. □ 

So far we are looking at local computations, which essentially only 
involve derivatives of certain tensors. The only global ingredient is the 
fact that we are given global solutions of the Kahler-Einstein equation. 

The key quantity is the differentiable function ip on X. Restricted to 
any fiber it ties together the yet to be proven positivity of the hermitian 
metric on the relative canonical bundle and the canonical lift of tangent 
vectors, which is related to the harmonic Kodaira-Spencer forms. 

We use the Laplacian operators Dg^^ with non-negative eigenvalues 
on the fibers Xg so that for a real valued function x the Laplacian 
equals Ug^^X = -9^"X-ap- 

Proposition 3. The following elliptic equation holds fiberwise: 

(14) + id)¥p(2;,s) = \\Mz,s)f, 

where 

A, = A%^dz^ 

is the harmonic representative of the Kodaira-Spencer class Ps(^) os 
above. 

Proof. The essence to prove an elliptic equation for ip involving tensors 
on the fibers is to eliminate the second order derivatives with respect 
to the base parameter. This is achieved by the left hand side of ([1] 
First, 

= d,ig'^'d^g^s)-^f%9,-s 

= dsdslogg + aJ'^a^^.;s 
= 9s-s + al,^a-^^.-^g^\ 

Next 

The last term vanishes because of the harmonicity of Ag, and 

= a:. 
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□ 

Definition 2. The Weil-Petersson hermitian product on TgS is given 
by the L"^ -inner product of harmonic Kodaira- Spencer forms: 

^^^^ \\^sfwp'■= I '^'^-A3cr89'''9dV= I A'^-^AlgdV 

If -§-[ ^ TgS are part of a basis, we denote by G^^{s) the inner product, 
and set 

uj'^P:=^G^''ds'Ads^ 

Observe that the generahzed Weil-Petersson form is equal to a fiber 
integral: 

Proposition 4 (cf. |F-Sj ). 

(16) o;^^ = / uj^/\ 

Jx/s 

The proposition implies the Kahler property of uj^^ immediately. 
The proof follows from Lemma [6] and Proposition [31 

5. Curvature of i?""P/=^l]^^_5,(/C®™^) - Statement of the 

THEOREM AND APPLICATIONS 

5.1. Statement of the theorem. We consider an effectively param- 
eterized family X ^ S oi canonically polarized manifolds, equipped 
with Kahler-Einstein metrics of constant Ricci curvature —1. For any 
m > the direct image sheaves f^K.'^^J^'^^'' = f*^x/s(^'xjs) locally 
free. For values of p other than n we assume local freeness of 

The assumptions of Section 12.21 are satisfied by Kodaira-Nakano van- 
ishing so that we can apply Lemma [21 If necessary, we replace 5* by 
a (Stein) open subset, such that the direct image is actually free, and 
denote by C R''-'p f,QF;^js{lC%Jg){S) a basis of the corre- 

sponding free Cs-module, and at a given point s G S* we denote by 
{{d/dsi)\s\i = 1,...,M} a basis of the complex tangent space T^S 
of 5* over C, where the Sj are holomorphic coordinate functions of a 
minimal smooth ambient space U C C*^. 

Let ^^(2, s)dadz^ be a harmonic Kodaira-Spencer form. Then for 
s & S the cup product together with the contraction defines 

(17) A'^-pd^dz'^ \J ^ : A°"'-p{Xs,np^^{JCf^)) -> A°^'^-p+^[Xs, i]^;'(/c|7)) 

(18) Aj^a^dz" U . : A°"'-P{,X,,nP^^{JCf^)) -> yl"'"-P-i(A'„ f7^+i(/C|;')). 
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We will apply the above product to harmonic (0,n — p)-forms. In 
general the result is not harmonic. We use the notation ip^ := for 
sections ipk (and a notation of similar type for tensors on the fibers): 

Theorem 2. The curvature tensor for R^~'p f^^VL^.^ j^iJCj^^) is given by 



The only contribution in 0191) . which may be negative, originates from 
the harmonic parts in the third term. It equals 



JXs 

Concerning the third term, the theorem contains the fact that the 
positive eigenvalues of the Laplacian are larger than m. 

Now the pointwise estimate ([7]) of the resolvent kernel (cf. also Propo- 
sition [T]) translates into an estimate. 

Proposition 5. Let f : X ^ S be a family of canonically polarized 
manifolds, and s E S . Let a tangent vector of S at s be given by a 
harmonic Kodaira- Spencer form A and let be a harmonic {p, n — p)- 
form on Xg with values in the m-canonical bundle. Then 



(20) R{A, A, ^, i;) > P„(rf(A',)) • \\Af ■ ||^f - \\HiA U 7/;)f . 



The first term in (12T|) yields immediately Nakano semipositivity, 
since the operator (□ + m)~^ is positive on the respective tensors. In 
fact more can be shown for the curvature of the direct image of relative 
m-canonical bundles. 



(19) 






(21) 




Let 



(22) 
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Corollary 3. Let s E S be any point. Let G C. Then 
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(23) 



In particular the curvature is strictly Nakano-positive with the above 
estimate. 

Next, we set m = 1 and take a dual basis {z/j} C BP f^PJ'Tx/si.S) of 
the {ip^} and normal coordinates at a given point sq G S. Observing 
that the role of conjugate and non-conjugate tensors is being switched, 
we compute the curvature as follows. 

Theorem 3. The curvature of W f^K^Tx/s equals 



We observe that for n = 1 the third term in ( 124|) is not present and 
we have the formula for the classical Weil-Petersson metric on Teich- 
miiller space: It is known from the results of Wolpert that the classical 
Weil-Petersson metric for families of Riemann surfaces of genus larger 
than one has negative curvature: According to |WUj the sectional cur- 
vature is negative, and the holomorphic sectional curvature is bounded 
from above by a negative constant. A stronger curvature property, 
which is related to strong rigidity, was shown in |SCH1] . The strongest 
result on curvature by Liu, Sun, and Yau now follows immediately from 
Corollary |2) 

Corollary 4 ( |L-S-Yj ). The Weil-Petersson metric on the Teichmiiller 
space of Riemann surfaces of genus p > 1 is dual Nakano negative. 

Proof. Observe that for a universal family f : X ^ S the classical Weil- 
Petersson metric on f^,Tx/s corresponds to the L^ metric on its dual 
bundle f*{K,'^%), which is Nakano positive according to Corollary [31 



(24) 




The only possible positive contribution arises from 




□ 
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For p = 1 we obtain the curvature for the generahzed Weil-Petersson 
metric from |SCH2j . (cf. [SlUlj ). Again we can estimate the curvature 
hke in Proposition [51 

The following case is of particular interest. 

Proposition 6. Let f : X ^ S he a family of canonically polarized 
manifolds and s & S. Let a tangent vectors of S at s he given hy 
harmonic Kodaira- Spencer forms A, Ai, . . . , Ap on Xg. Let R denote 
the curvature tensor for BP f^:hPTx/s- Then we have in terms of the 
Weil-Petersson norms: 



R{A, A, H{Ai A . . . A Ap), H{Ai A ... A Ap)) < 
(25) 

-Pn{d{X,)) ■ \\Af ■ \\H{A, A . . . A A,)||2 + \\H{A ^A,^...^Ap)\ 

Proof. Since the A and A^ are 9-closed forms, we have H[A /\ H{Ai A 
. . . AAp)) = H{AAAi A . . . AAp). □ 

Next, we define higher Kodaira- Spencer maps defined on the sym- 
metric powers of the tangent bundle of the base. For p > we let the 
morphism 

(26) / : S^Ts ^ i?V*A'r^/5 

send a symmetric power 

d d 

to the class of 

A,, A... A := d^,dz^^ A ... A a;--, d^^dz^". 

Definition 3. Let the tangent vector d/ds correspond to the harmonic 
Kodaira- Spencer tensor As. The generalized Weil-Petersson function 
of degree p on the tangent space is 

:= \\A,\\p:= ||A,A...A^f/f 



H{As A... AAs) ■ H{As A ... A As)gdV 



l/2p 



For the computation of the curvature, we assumed that the sheaves 
RPAPTx/s are locally free. 

Observe that the coefficient Pn{d{Xs)) in (|6]) remains bounded as 
long as the fibers are smooth independent of the local freeness of the 
direct image sheaves. 
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Given a family over a curve, the p-th Weil-Petersson function of 
tangent vectors defines a hermitian (pseudo) metric on the curve, which 
we denote by Gp. 

Lemma 7. The curvature Kc^ ofGp, at points with Gp{s) ^ satisfies 
(27) 

Kg, < -f-— Pn(rfTO) + max{(P||,+i/P||,)2^+^}') for p< 
(28) 

Kg, < Pn{d{Xs)) for p = n, or %f Gp+i = 

P ' Cp n 

for some Cp^n > 0. These estimates are uniform on any relatively com- 
pact subset of the moduli space. 

Proof. Let be the harmonic projection of the p-fold exterior product 
of Ag. Then the curvature tensor for BP f^hPTx/c satisfies 

(29) m,a„A^A?) > -^log(Gp ■ {Gl)-A^^P = 

-P^^^og{Gp)-\\A\\f = pGpKGM\\f. 

Here R{ds, dg, -) is the curvature form apphed to the tangent vectors 
d/ds and d/ds resp. With respect to Gp, we identify Gp = \\d/ds\\p = 
II As lip so that 

RiA,,A:,AP,A'p)>pKGjA\\f+\ 
Now the estimate of Proposition [6] imphes 

1 (-i^„(rf(^.))P||?||A||f + ||A||J(,r)) /Pllf +1). 



n 



Kg,< 

p 



The second term is not present for p = n. 

Now the proof follows from Lemma [S] below. □ 

Lemma 8. 

Il^llp < Cp,„||A||i. 

for some Cp^n > 0. 

Proof of Lemma\^ Since As is harmonic and ||v4sA. . .AA^IP > ||if (A^A 
... A As) IP, it is sufficient to show the pointwise estimate (up to a con- 
stant that only depends upon the dimension and degree) 



1^ ■ ^drW > IKA, A . . . A ^) ■ (^ A . . . A As)\\{z). 
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We set 

and use the symmetry A^-j^. It follows that 



\\{As A . . . A As) ■ {As A . . . A A,)\\{z) 
equals the determinant type expression 



B(z) = V e((T)5°i ■...■B^" 



where the inner summations take place with respect to the indices 
ai, . . . , ttp. At the given point z we may assume that B^ is diagonal 
with non-negative entries Ai, . . . , A„. Now it is easy to see that B_{z) 
equals 



Ail ■ ... ■ ^ip 



l<ii<...ip<n 

up to a numerical constant depending on p and n. Again, up to a 
numerical constant this can be estimated from below by 

n 

{J2^^y = \\As-A4^{z). 
i=l 

□ 

Lemma 9. For any family over a base space S , which is mapped to a 
relatively compact subset of the moduli space, 



max{p||p+i/p||p} 



is finite. 



Proof. First we take a modification S ^ S such that the pull backs of 
the direct image sheaves BP f^^K^Tx/s modulo torsion are locally free. 
Then, by continuity the above quotients are bounded from above. Next, 
we restrict the original family to the image of the locus of torsion, i.e. 
to the support of the annihilator ideal, and repeat the process. □ 

5.2. Hyperbolicity conjecture of Shafarevich. In [DEI 3.2] De- 
mailly gives a proof of the Ahlfors lemma for hermitian metrics of 
negative curvature in the context of currents using an approximation 
argument. Our argument depends upon the following special case: 



Proposition 7 (Demailly). Let^ = ^[s)^/— Ids Ads, 7(3) >Q be given 
on an open disk = {\s\ < R}, where log 7(3) is a subharmonic 
function such that (a/— l(9(9(log7) > A'~f in the sense of currents for 
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some A > 0. Let p denote the Poincare metric on A^. Then ^ < pjA 
holds. 

Before we construct a Finsler metric of negative holomorphic curva- 
ture, we will treat families over curves directly. 

Let C be a compact smooth complex curve and / : — C a holo- 
morphic family of smooth canonically polarized varieties. Let d/ds 
be a local coordinate vector field on C and Ag the corresponding family 
of harmonic Kodaira-Spencer forms. Then we set 

Po := max{p; H{ As ^ - ■ ^s) ^ on some open U C C}. 

p 

Observe that the zero set of H{As A ... A Ag) is analytic. 

We do not have to assume that the direct images BF f^APTx/c are 
locally free. This is the case over the complement C = C\{ci, . . . , Ck} 
of a finite set of points. Near points cj we can compute Kodaira-Spen- 
cer forms Bg, s & C in terms o a differential trivialization so that the 
L^-norms of the Bg are bounded near the critical points. Hence the 
norms of the harmonic representatives Ag are bounded near Cj. The 
same holds for the wedge product of these. Because of the boundedness 
logGpp is subharmonic on all of C. 

Proposition 8. Let f : X ^ C a non-isotrivial holomorphic family of 
smooth canonically polarized varieties over a curve, and let < Pq < n 
be chosen as above. Then log Gp^ is subharmonic, and for the curvature 

(30) Kg,^ < —P„(diXg)) 

P ' Cp^n 

holds so that the curvature current is negative. 

As long as the fibers are smooth, the diameters d{Xg) are bounded 
from above. The proof of the estimate follows from Lemma [7] at points, 
where the direct image of order pq is locally free. 

At points with singular fibers, log Gp^ need no longer be subharmonic, 
unless current of integration is added. An elementary (counter-)exam- 
ple in fiber dimension zero is the map from a hyperelliptic to a rational 
curve. 

By Proposition [7]) the genus of the base must be larger than one. 
This gives a short proof of the following version of Shafarevich's hy- 
perbolicity conjecture for canonically polarized varieties |B-Vt IKE-KO[ 
IKU-KOl [KVTl [KV21 [Ml IV^ZTl . 

Application. // a compact curve C parameterizes a non-isotrivial 
family of canonically polarized manifolds, its genus must be greater than 
one. 
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5.3. Finsler metric on the moduli stack. Different notions are 
common. We do not assume the triangle inequality/convexity. Such 
metrics are also called pseudo-metrics (cf. |KB] ). 

Definition 4. Let Z be a reduced complex space and TZ it Zariski 
tangent fiber bundle. An upper semi- continuous function 



is called Finsler pseudo-metric (or pseudo-length function), if 



The triangle inequality on the fibers not required for the definition 
of the " holomorphic" (or "sectional") curvature. 

All metrics Gp from Section 15.11 are (upper semi-continuous) Finsler 
pseudo-metrics. 

A pseudometric 7 for a curve C like in Proposition [7] ancJH] may have 
isolated zeroes. 

We will use the fact that the holomorphic curvature of a Finsler 
metric at a certain point p in the direction of a tangent vector v is the 
supremum of the curvatures of the pull-back of the given Finsler metric 
to a holomorphic disk through p and tangent to v (cf. [A-Pj ) . (For a 
hermitian metric, the holomorphic curvature is known to be equal to 
the holomorphic sectional curvature.) In view of Demailly's theorem, a 
Finsler metric may be defined in the above sense (as long as the fibers 
are smooth, which is always the case. Furthermore, any convex sum 
G = '^jCijGj, aj > is upper semi-continuous and has the property 
that log G restricted to a curve is subharmonic. 

Lemma 10 (cf. |SCH3t Lemma 3]). Let C be a complex curve and Gj 
a collection of pseudo-metrics of bounded curvature, whose sum has no 
common zero. Then the curvatures K satisfy the following equation. 



Now with Lemma [TO] and Lemma [7] we can construct convex sums 
of the metrics Gp with negative holomorphic curvature. In this way 
we arrive at a (upper semi-continuous) Finsler metric rather than a 
pseudo- metric. The convex sum accounts both cases where some Gp 
vanishes or not. The metric is primarily given on local universal fami- 
lies, but intrinsically given. It descends to the coarse moduli space in 
the orbifold sense. 



F -.TZ ^ [0, 00) 



F{av) 



a\F{v) for allaeC,v e TZ. 



(31) 
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Theorem 4. On any relatively compact subset of the moduli space of 
canonically polarized manifolds there exists a Finsler orbifold metric, 
i.e. a Finsler metric on the moduli stack, whose holomorphic curvature 
is bounded from above by a negative constant. 

6. Computation of the curvature 

We know from Lemma [2] that the metric tensor for R^~^ f^Vf.^ig{K,x/s) 
on the base space S is given in terms of an integral which involves har- 
monic representatives of certain cohomology classes and that these are 
the restrictions of certain 9-closed differential forms on the total space. 
We already saw that these give rise to fiber integrals. When we actually 
compute derivatives with respect to the base, we will apply Lie deriva- 
tives with respect to horizontal lifts of tangent vectors of the base. At 
this point we need to take into account that the exterior derivatives d 
has to be taken with respect to the hermitian metric on the relative 
canonical line bundle. Here covariant derivatives with respect to the 
total space occur (at least in an implicit way). Since we are dealing 
with alternating forms we may use covariant derivatives with respect 
to the Kahler structure on the fibers, which is necessary to somewhat 
simplify the computations. Again, we will use the semi-colon notation 
for covariant derivatives and use a | -symbol for ordinary derivatives, 
if necessary. Greek indices are being used for fiber coordinates, Latin 
indices indicate the base direction. Dealing with alternating forms, 
for instance of degree {p,q), extra coefficients of the form l/p\q\ are 
sometimes customary; these play a role, when the coefficients of an 
alternating form are turned into skew-symmetric tensors by taking the 
average. However, for the sake of a halfway simple notation, we follow 
the better part of the literature and leave these to the reader. 

6.1. Setup. As above, we denote by / : — )■ S* a smooth family of 
canonically polarized manifolds and we pick up the notation from Sec- 
tion m The fiber coordinates were denoted by z°' and the coordinates 
of the base by s\ We set di = d/ds\ da = d/dz"". 

Again we have horizontal lifts of tangent vectors and coordinate vec- 
tor fields on the base 

Vi = di + a" da- 

As above we have the corresponding harmonic representatives 

~ ^{js'^adz^ 
of the Kodaira- Spencer classes p{di\sf^). 
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For the computation of the curvature it is sufficient to treat the case 
where dim S = 1. We set s = Si and Vg = f i etc. In this case we write 
s and s for the indices 1 and 1 so that 

Vs = ds + a"da 

etc. 

Sections of /^"-^/.^^/^(/C®^^) will be denoted by letters hke ^. 

= A ... A dz"'" A d/^+i A ... A dz^^ 

= ipAi; dz^^ A dz^"-p 

where Ap = (ai, . . . , a^) and -B„-p = (/3p+i, • • • , Pn)- The further com- 
ponent of ijj is 

V'^ „ « Ti ^dz'^^ A ... A (iz"'' A dz'^p+'' A ... A c?2;^"-i A ds. 
Now Lemma [2] implies 

n 

(32) V'a„...,a„^,+„...,^Js = 5^ (~l)"~'^ai,...,a„/3,+„...J,.,...,^„,s|F/ 

j=p+l 

Since these are the coefficients of alternating forms, on the right-hand 
side, we may also take the covariant derivatives with respect to the 
given structure on the fibers 

lb _ ^ _ __ . 

ai,...,Op,/3p+i,...,^j,...,/3„,s;^j 

6.2. Cup-Product. We define the cup-product of a differential form 
with values in the relative holomorphic tangent bundle and an (line 
bundle valued) differential form now in terns of local coordinates. 

Definition 5. Let 

ii = if -5 dz"^ A ... A dz""^ A dz'^^ A ... A dz'^i, 

and 

V = v^ ^ T T dz^^ A ... A dz^^ A dz^^ A ... A dz^" 

(33) nV}v:= if -.v^^^ ^ j j dz"^ A ... A dz""^ 

\ J r' ai,...,ap,l3i,...,l3g 0-72,. ■■,7a, oiv,c>6 

Arf/i A ... A rf/'J A d^^^ A ... A d^^" A dz^' A ... A dz'^" 
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6.3. Lie derivatives. Let again the base be smooth, dimS' = 1 with 
local coordinate s. Then the induced metric on i?"'~P/^,f2^^^(/C^^) is 
given by fl22|) . where the pointwise inner product equals 

and where 1/ g"^ stands for the hermitian metric on the m-th canonical 
bundle on the fibers. 

Lemma 11. 

where denotes the Lie derivative with respect to the canonical lift v 
of the coordinate vector field d/ds. 

Proof. Taking the Lie derivative is not type-preserving. We need the 
(1, l)-component: L^(c/„^) = [d^ + a^9«,^„ J^^ = g^^^ + ajg^-p.^ + 
O'lad^-p = + a].a9^-^ = 0. So L,{det{g^-^)) = 0. □ 



(34) = L,^' + L^i^", 

where L^ip' is of type (p, n — p) and L^ip" is of type {p — l,n — p + 1] 
We have 

L.^' = [d, + a:d^,,p^^T,^^/z^^dz'^"-^]^^^^_^^ 

p _ 

(35) = iij,, + a^ij,^ + . )dz^' A dz^-^ 

L.r = [ds + ^p^^^^_/z^^dz'^'^-''] 



7 = 1 I. 

(36) dz""^ A ... A dz'^p A ... A dz''^ A dz'^p+^ A ... A dz'^- 
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We also note the values for the derivatives with respect to v. 

_ P _ _ 

(37) = (V';, + + J2 4p ^A,F,+i, . ^dz^" ^ dz""-- 

n 

(38) c/z"! A ... A A d^^i A ... A A ... A d^^" 
Lemma 12. 

(39) (L,7/>'^)" = A.UtA'^ 

(40) {L^ij'^y = {-IfA^VJij^ 

Proof 0/ dSni). By (jSlD we have 



EA% ^ ^ dz'^^ A ... A c/i^ A ... A dz'^^ A c/^^f A ... A dz^^ 

sfip ^ ai,...,aj,...,ap,a,Bn-p 

p _ _ 

= (-1)P-^ V A% ib'' ^ ^ dz"' A ... A ... A rf^"''-^ A rf^^f A ... A 

i=i 

□ 

Proof of (l40l) . The claim follows in a similar way from ( l38ll . □ 

The situation is not quite symmetric because of Lemma [21 which 
implies that the contraction of the global (0, n — p)-form ip with values 
in QP^^g{}Cx/s) is well-defined. Like in Definition [S] we have a cup- 
product on the total space (restricted to the fibers). 

Lemma 13. 

(41) L^ip' = {-lydivUifj). 
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Proof. The proof follows from the fact that, according to Lemma [21 ip 
is given by a 9-closed (0, n — p)-form on the total space X with values 
in a certain holomorphic vector bundle. □ 

We will need that the forms ip on the fibers are also harmonic with 
respect to d (which was defined as the connection of the line bundle 
/C^^). First, we note the following fact, which immediately follows 

from the fact that the curvature of {Kx/s, g~^) equals —ux- We will 
need this fact for both the total space and the restriction to fibers. 

Lemma 14. 

(42) V^[d,d] = -mL;,, 
where Lx denotes the multiplication with ux- 

Now: 

Lemma 15. The following equation holds on A^'^'''\K,%^) . 

(43) Da = + m ■ {n — p — q) ■ id. 

In particular, the harmonic forms ip G A^'''''^^''\lCx!,) o,re also harmonic 
with respect to d. 

Proof. We use the formulas 

V^d* = [A, d] and - V^d* = [A, d] , 

where A denotes the adjoint operator to L. Then 

Dq — Dq = [A, ^/^{dd + dd)] = [A, m ■ ux] = m ■ {n — p — q) ■ id. 

□ 

Now we compute the curvature in the following way. Because of (l4Ti) 
holds for all s G 5 so that by Lemma [TT] 

Later in the computation we will use normal coordinates (of the 
second kind) at a given point sq G S. The condition {d/ds)H^''\sQ = 
for all k, i means that for s = Sq the harmonic projection 

(44) HiiL^i;")') = 
vanishes for all k. 
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In order to compute the second order derivative of if* we begin with 

(45) |-i^* = (L,^^v^o. 

OS 

which contains both {L^ip^y and {L^ip'')". Now 

We just saw that {Ljjip^ , ip^) = 0. Hence for all s G 5 

(46) mi^", = {Li^M^', - {L^^\ L^/) + L,^') 

The fact that we are computing Lie-derivatives of n-forms (with values 
in some line bundle) implies that 

and 

Lemma 16. Restricted to the fibers the following equation holds for 
L[v^v] applied to iC^y^-valued functions and differential forms resp. 

(47) L[^,„] = [ - ip'^'^da + - ] -m-ip-id 
Proof. We first compute the vector field [tJ, v\ on the fibers: 

[U, v\ = [ds + a§d^, ds + a'^d^] 

= (c^(a^) + ajaj^) - (^.(aj) + a>J„) d^. 

Now 

Now (fT3|l implies that the coefficient of da is In the same way 

the coefficient of is computed. 

Next, we compute the contribution of the connection on /C^^ which 
we denote by [ We use (l42l) : 

□ 
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Lemma 17. 

(48) 



Proof. The 9-closedness of the if)^ can be read as 

V 

Hence 

1=1 I 

3 

V 

Now 

In the same way we get 

and, according to Lemma [IHl we are left with the desired term. □ 
Proposition 9. In view of f|T7|) and f|T8|) we have 

(49) a(L,7/>'=)' = diAsU^'') 

(50) a*(L,^'=)' = 

(51) d*{AsU^'') = 

(52) d\L^i;'y = 9*(A^U^^) 

(53) diLjjtl)^)' = 

(54) a*(^^U^/^'=) = 

The proof of the above proposition is the technical part of this article 
and will be given at the end of the manuscript. 

Proof of Theorem Again, we may set i = j = s and use normal 
coordinates at a given point sq G 5". 

We continue with ( 146|) and apply (H8|) . Let Gq and Gg denote the 
Green's operators on the spaces of differentiable ICx^-valued (p, g)-forms 
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on the fibers with respect to and dg resp. We know from Lemma fTSl 
that foTp + q = n the Green's operators Gs and Gq coincide. 

We compute {{L^ip^y^L^ip^y): Since the harmonic projection 
H{{Lyil)^y) = vanishes for s = sq, we have 

iU^P'^y = GgDg{L,i:''y = Ggd*d{L,i:^y = d*G9diA, U z^*^) 

by (EOD and (iHl). The form 9(L„^'=)' = d{AsUtp^) is of type {p,n-p+l) 
so that by Lemma [T5] on this space of such forms Gq = (Da + m)^^ 
holds. 
Now 

{{L^^'y, (L^^'y) = (d*GgdiA, u ^'), (L^^y) 

= {Ggd{As U d{As U /)) = ((Da + mr'd{As U ij'),d{As U /)) 

= {d*{n9 + m)-'d{As U As U 

Because of (ISTIl 

((L,^'^)', (L.^O') = ((Da + m)-ina(^ U ^^), ^ U 

= {As U V^ ^ U /) - m((n + m)-i(A, U ^fc), ^ U ^Z^^. 

(For — 1, n — p + l)-forms, we write □ = = D^.) Altogether we 
have 

(55) {L,^\ L,^%, = -m [ {n + m)-\AsU^'')-iAsU^')gdV. 

Finally we need to compute {Lyip^ , L^jip^) . 

By equation (gO]) we have that {{L^ip'^y', (Lytpy) = {AsU^'',AsU 
ip^). Now Lemma [13] implies that the harmonic projections of the 
{Ljjip^)' vanish for all parameters s. So 

{{L^^'y, (L^^'y) = {GgDgiL^i^'^y, (i^^py) 

^((G^r9L^V'')',(W)') = {{GgdL^^p'y,diL^^py) 
^{Ggd*iA^Ui;'),d*iA_sUi;')). 

Now the {p + l,n — p)-form d* [Lyip^y = d*{A-s U tp^) is orthogonal to 
both the spaces of d- and 9-harmonic forms. On these, we have by 
Lemma [15] 

Dq = Dq — m ■ id. 

We see that all eigenvalues of are larger or equal to m for {p, n — 
p — l)-forms. 

Claim. Let ^^^XvPv he the eigenf unction decomposition of A-gU tp^ . 
Then all Xy > m or \q = 0. In particular (□ — m)^^{As U ip^) exists. 
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In order to verify the claim, we consider d*{Asl-i ip^) = J2i^9*iPi') 
with 

□aa*(p,) = X,d*{p,) = ngd*{p,) + m ■ d*{p,). 

This fact imphes that Ylu'^*iP'^) eigenfunction expansion 

with respect to Dq and eigenvalues \y — m > of d*{As U ip^) = 
d (Ljjip^). The latter is orthogonal to the space of 9-harmonic functions 
so that X,^ — m = does not occur. (The harmonic part of Ai^j U ip'' 
may be present though.) This shows the claim. 
Now 



so that ( 1511) implies 

((L^V-')', ( W)') = {{D9-m)-'D9{A^Uij'),A^Uij') 
= {As U ij\ U /) + m ■ {{Dg - m)-\A^ U ^'), A^ U 

Now fHU|) yields the final equation (again with Dq = Dq = D for 
{p + l,n — p — l)-forms) 

(56) {L^ifj^L^ij') =m [ {n-m)-\A^U^'')-{AsUi/)gdV. 

The main theorem follows from f HS]) . (jSSD, fH^ - and fISBl) . □ 

Proof of Proposition We verify (H9|) : We will need various identi- 
ties. For simplicity, we drop the superscript k. The tensors below are 
meant to be coefficients of alternating forms on the fibers, i.e. skew- 
symmetrized. 

p n 

j=l I j=p+l I. 

P 

= — m ■ a^-n lb — > a'^ih^^ „ „ 7? is 



(59) a" ^ =A"^ +<i?" ^ 



30 GEORG SCHUMACHER 

Now, starting from (l35l) we get, using ( 1571) . ( I58|) . and ( l59i) . 
- / ^ 



p 



p _ _ 

= (a% ij.o, + y"A% V„ „ „R )dz'^-+^ Adz^'^ Adz^"-^ 

Because of the fiberwise 9-closedness of ip this equals 



V (A% il)^ a a R ) dz^^+^ A dz^^ A dz^^-^ 
i=i '■ 

V _ _ 

-1)" V {A\ „ „ o ) c/z"i A d^^''-^ A dz^i A ... A dz^-^ 



= ^((-1)'^^:F„,.^<^,".,...,«.^p.....,^.^^^^"^ ^^^""0 = ^(^^ ^ 

This shows (11^. 

Next, we prove (150|) . We begin with f l37|) . We first note 

which follows in a straightforward way. Now this equation implies 

V 



SO that (with g^"^ip--y = and dsQ^'^'^ = g^'^'^a].^) 



(60) g^-^t,s, = -^-nQ^-^al^ + ^ /""<;.,7^, 



Ctl , . . . , (J, . . . , OLpB 



n — p 



j=i I 



follows. Next, since fiberwise ip is 9*-closed, 

(61) /""«^;a);7 = /"X;,^;a, 

and with the same argument 
(62) 

_ p _ P 

nl^n'y n'^ th — ) =n^""''S^n"' ih — 

y \ /_^"'s;aj'rai,. . . ,a, . . . ,apB„-pJ it ,^/^ "'s;aj7rai, . . . , ct, . . . , 

Now d*{L^ip') = follows from (160|). (16T|). and (l62l). 
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We come to the 9*-closedness ( 15T1) of AgUip- We need to show that 



('^s/3„+i^a,«2,.-,"p,/3p+i,...,/3n);5fi''^"'' 

vanishes. Since d*ip = the above quantity equals 
Because of the 9-closedness of As this equals 

(Aaap\_ I _ Sap 

However, 

Aaap AoipCt 

s s 

whereas if) is skew-symmetric so that also this contribution vanishes. 

The proof of (152|) . (l53l) . and (15^ is similar, we remark that (!53|) 
follows from Lemma [131 D 
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